Abstract. We compute the Riemannian volume of the moduli space of flat connections on a nonorientable 2-manifold, for a natural class of metrics. We also show that Witten's volume formula for these moduli spaces may be derived using Haar measure, and we give a new proof of Witten's volume formula for the moduli space of flat connections on a Riemann surface using Haar measure.
Introduction
In [W] Witten defined and computed a volume on the moduli space of gauge equivalence classes of flat connections on a 2-manifold, using Reidemeister-Ray-Singer torsion (see e.g. [Fr] ). When the 2-manifold is orientable, Witten proved that this volume is equal to the symplectic volume on the moduli space. However, when the 2-manifold is not orientable the moduli space does not have a symplectic form, so the interpretation of this volume has been unclear.
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The moduli space of gauge equivalence classes of flat connections on a nonorientable 2-manifold turns out to be a Lagrangian submanifold of the moduli space of gauge equivalence classes of flat connections on the orientable double cover. In this article we compute its Riemannian volume for a natural class of metrics on the 2-manifold.
The layout of this article is as follows. In Section 2 we compute the Riemannian volume of the moduli space of flat connections on a nonorientable 2-manifold (exhibited as the connected sum of a Riemann surface with either one or two copies of RP 2 ) using a metric derived
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The article [W] was followed by the article [W2] which studied topological properties of these moduli spaces when the 2-manifold is orientable. This work generalized the results of [W] to cohomology classes other than the class of the symplectic form. It would be interesting to find similar generalizations in the nonorientable case.
from a particular class of metrics on RP 2 −{disc}. In Section 3 we give a new proof that Witten's formula for the volume of the moduli space of flat connections on 2-manifolds (for nonorientable surfaces with no boundary and orientable surfaces with one boundary component) arises from Haar measure.
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----------2. A hyperbolic metric on the 2-manifold 2.1. Preliminaries. By the classification of 2-manifolds [Ma] , all nonorientable 2-manifolds are obtained as the connected sum of a Riemann surface with either one or two copies of the real projective plane RP 2 (denoted P ). A Riemann surface with one boundary component and genus ≥ 1 always has a hyperbolic metric with constant curvature −1 [B] . For this reason we construct a metric on P − D (the Möbius band, which is the complement of a disk D in P ) for which the boundary is a geodesic and which is hyperbolic with constant curvature −1 at all but one point. We do this by gluing the edges of an isosceles geodesic hyperbolic triangle with opposite orientation: this process identifies all three vertices of the triangle, and the vertex becomes the point where the metric does not have constant curvature −1 (indeed, the metric is singular at this point).
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Hence the connected sum of a Riemann surface with P has a metric which is hyperbolic at all but one point, and the connected sum of a Riemann surface with two copies of P has a metric which is hyperbolic at all but 2 points. To form P with one disk removed, we identify the two edges of the triangle using an orientation reversing map. Then the metric on the based moduli space on P with one disk removed is singular at the vertex. The identification map can be chosen to preserve dρ (where ρ is the length from a chosen vertex of the triangle), although it clearly will not preserve ρ.
Remark 1. The reason why this procedure gives a metric on the 2-manifold formed by taking the connected sum of a Riemann surface of genus ℓ > 0 with P is that a Riemann surface of genus ℓ > 0 with one or two boundary components has a hyperbolic metric with constant curvature for which the boundary components are geodesics.
By Remark 1 there is a hyperbolic metric on the connected sum of a Riemann surface with P which is nonsingular everywhere except at one point.
We introduce a geodesic triangle △ in the upper half plane (equipped with a hyperbolic metric). Let G be a compact connected Lie group; the moduli space of flat connections on △ modulo based gauge transformations (i.e. gauge transformations whose value is the identity on the three vertices) can be identified with G × G.
As shown in Figure 1 , the geodesic triangle has one distinguished vertex x 0 (which will serve as the origin for geodesic polar coordinates). The sides γ 1 , γ 2 , γ 3 are geodesics. We introduce geodesic polar coordinates (ρ, σ) (using the hyperbolic metric on the upper half plane, which is assumed to contain the triangle) with x 0 as the origin: here ρ is the distance from a chosen point and σ is the polar angle. It is assumed that the geodesic γ 1 is defined by the equation σ = 0, and γ 2 is defined by σ = φ (where φ is the angle at x 0 ). The curves γ 1 and γ 2 have lengths L 1 and L 2 . The geodesic γ 3 is specified by Coxeter's equation (1) coth ρ = cos(σ − σ 0 ) ℓ , see [Cox] p.376, where ℓ, σ 0 are constants determined by the geodesic γ 3 . Also,
By (1), it is clear that since ρ(σ = 0) must be equal to ρ(σ = φ) for a hyperbolic geodesic triangle which will be glued to form P − D, we need σ 0 = φ/2 in (1). The moduli space of flat connections on P − D modulo gauge transformations which are trivial at one point on the boundary (corresponding to the vertices of the geodesic triangle) is equivalent to the subspace of the moduli space of flat connections on the geodesic triangle (modulo based gauge transformations) which correspond under an orientation reversing map which identifies two sides of the triangle . This is Hom(π, G) where π = π 1 (P − D), in other words
Here v is the holonomy along γ 1 and −γ 2 , while u is the holonomy along γ 3 . By definition, the holonomy of dξ along γ 1 is
and its holonomy along γ 2 is (3) Hol γ 2 dξ = exp
We will study these holonomies once we have determined ξ. We will study the corresponding metric on G × G. Define the metric <, > at a flat connection A corresponding to a point p in G × G to be < ξ, η >=:
where ξ(·) and η(·) are functions on △, so d A ξ and d A η represent elements of the tangent space to G × G at p. Here, Tr(·) represents the ad-invariant inner product on the Lie algebra.
From now on, we only consider the inner product at A = 0. The reason is that the metric < a, b >= Tr(a ∧ * b) is ad-invariant (where * denotes the Hodge star operator), and since the gauge action at the infinitesimal level is the adjoint action, this metric is invariant under the action of the gauge group and in particular under the action of the based gauge group. Since any flat connection is gauge equivalent to the trivial connection on a triangle, we only need to consider the inner product at A = 0.
Recall that the hyperbolic metric in geodesic polar coordinates is
where ρ is the distance from a chosen point (x 0 in Figure 1 ) and σ is the polar angle with respect to this point. Let * denote the Hodge star operator on the 2-manifold; the star operator with respect to these polar coordinates is * dρ = sinh ρdσ, * dσ = −1 sinh ρ dρ (see [B] ). The first question is to characterize the function ξ. Recall that the metric is defined as the integral over the whole triangle, (take A = 0 as in the previous paragraph)
< dξ, dη >=:
By Stokes' theorem we know that
Thus, if we solve the equation
the integral becomes a line integral around the boundary ∂△. We want to find ξ satisfying equation (4). We use the substitution
The equations for the Hodge star operator become (5) * du = dσ * dσ = −du We now have to solve the equation
Let us take a Fourier decomposition of ξ in the σ variable:
So (6) becomes
This equation (7) has the following solutions:
Recall that φ is the polar angle of the geodesic triangle. Let us impose the additional constraint that ξ(u, σ) attains its maximum on two edges of the triangle (γ 1 which is σ = 0 and γ 2 which is σ = φ), in other words
where Y ∈ g is a constant and
2.2.
Riemannian volume of the moduli space of flat connections on a nonorientable surface. Consider a more specific geodesic triangle, the triangle with two sides of equal length L. This means σ is fixed on those two sides and the third side is determined by Coxeter's equation (1), where (ρ, σ) are the polar coordinates as defined above. Note that writing ξ in terms of its Fourier decomposition accomplishes the same thing as solving the equation d * dξ = 0 by the method of separation of variables. We solved this equation in the previous subsection, and obtained
so that the maximum of |ξ| is achieved on the edges σ = 0 and σ = φ (in other words γ 1 and γ 2 ) and Y ∈ g is a variable we choose so that we can get the desired holonomy along the boundary. The holonomies were specified by the equations (2) and (3);
k cos(kφ)). We can consider the following triangle. Notice that the curve C 1 , Figure 2 . Triangle ρ=constant, is not a geodesic, but γ 3 is. We can find the integral over the region bounded by γ 1 , γ 2 , C 1 where C 1 is the curve specified by the equation ρ = L = constant:
2k π 2 Thus the integral over the triangle bounded by γ 1 , γ 2 , γ 3 is the integral over the region bounded by γ 1 , γ 2 , C 1 minus the integral over the region D.
where τ (C 1 (σ)) = tanh(L/2) is a constant independent of σ. Now the equation for γ 3 is (see equation (1))
When k is a positive integer, we will compute this integral in Appendix A. We denote the integral (13) by kTr(Y 2 )h(L, φ); this defines h(L, φ) in terms of the integral (13). Thus, the metric Γ on flat connections on the geodesic triangle is (from (13)) (14) Γ
If we choose an orthonormal basis e 1 , e 2 , · · · , e n for Lie(G), then the volume element of this moduli space using this metric is √ detΓ, and detΓ = (kh(L, φ)) n , using (14) where n is the dimension of g. We may assume the length of γ 3 is fixed (since γ 3 will be glued to the boundary of a Riemann surface); denote this length by b. We have
This is the relation between φ and L once b is fixed.
If τ (L) = tanh L/2, then the relation between τ (L) and φ is
and the volume element is
where n is the dimension of Lie(G).
(From now on we replace the notation h(L, φ) by h(φ) because of the above dependence (15) of L on φ.) 2.3. Σ is the connected sum of a Riemann surface with P . To consider the volume of the moduli space of the connected sum of a Riemann surface with P , first, let us examine the following lemmas:
Lemma 2. Let M be a Riemannian manifold with metric Γ. Let f : M → R be a smooth function for which df m = 0 for any m ∈ M. Then
where v(t) is the unit normal vector to f −1 (t).
Proof. The volume form on T m M is e * 1 ∧ · · · ∧ e * n where {e j } is an orthonormal basis of tangent vectors i.e. Γ(e j , e k ) = δ jk and e * i are the dual basis vectors for T * m M for any m ∈ M. Choose e 1 , · · · , e n−1 ∈ T m (f −1 (t)) so e * 1 ∧ · · · ∧ e * n−1 is the volume form on
since v(t) is the unit vector normal to f −1 (t). Thus
Similarly, we have the following lemma, Lemma 3. Let M be a Riemannian manifold with metric Γ, and f : M → G is a smooth map for which df has maximal rank. Then
where dg is the volume element given by a Riemannian metric on G and v 1 , · · · , v N are unit normal vectors to f −1 (g) with N =dim G. Now let us return to our particular situation. 3 We have a nonorientable surface Σ which is the connected sum of a Riemann surface Σ 1 with a nonorientable surface Σ 2 (the projective plane P or the Klein bottle K). Denote M 1 = Hom(π 1 (Σ 1 ), G) where Σ 1 is a Riemann surface with one boundary component, and M 2 = Hom(π 1 (Σ 2 ), G) where in this section Σ 2 = P with one disc removed. Here π 1 (Σ 2 ) = {x, y|x = y 2 } ∼ = Z so Hom(π 1 (Σ 2 ), G) ∼ = G. Define maps f i : M i → G for i = 1, 2 by sending a representation to its value on the loop around the boundary. Let
Now we use Lemma 3 with M 2 ∼ = G and let f : M → G = M 2 be the map (m 1 , m 2 ) → m 2 ; we have
Note that the metric on M is π * 1 Γ 1 + π * 2 Γ 2 where Γ 1 and Γ 2 are the metrics on M 1 and M 2 which are given by the equation (14). So the measure associated to the metric Γ 2 is Haar measure ×(kh(φ)) n/2 . Thus we can choose an orthonormal basis {v j } in g and dg(∧ j df (v j )) = 1. So we have
Notice that the moduli space of flat connections on a Riemann surface with one boundary component about which the holonomy is constrained to take a fixed value (in other words the moduli space of parabolic bundles) is a Kähler manifold (see for instance [AB] ) so its symplectic volume (as specified by Witten's formula) is equal to its Riemannian volume (for a metric derived from any metric on the Riemann surface). Hence our procedure will give the Riemannian volume on the moduli space of gauge equivalence classes of flat connections on the connected sum.
The volume formula [W] (4.114) for the moduli space M(Σ ℓ , s)) of flat connections on a compact orientable surface Σ ℓ of genus ℓ with one boundary component is as follows.
4 If s ∈ T /W is a conjugacy class, then [W] (4.114) tells us that
where α runs over all isomorphism classes of irreducible representations of G, the representation α has character χ α , and the constant C 1 is
where |G| denotes the dimension of G and |T | denotes the dimension of the maximal torus T . Note also that F (s) is the volume of the conjugacy class through s as defined in [W] (4.53)
Here v represents the measure on T /W obtained by pushing down the Haar measure on G (under the natural map from a group element to its conjugacy class) and v 0 represents the measure on T /W obtained by restricting the metric on g to Lie(T ) and then identifying Lie(T ) with the tangent space to T /W . This is as in the picture shown below:
with v = u * dg, and v 0 = i * dt, where dg and dt are the Haar measures on G and T respectively. Here i : T → T /W is the local isomorphism and u : G → T /W is the map which maps g to its conjugacy class.
Thus the volume of the moduli space of flat connections on the connected sum of a Riemann surface with a projective plane is
Denote by R the map G → G,
Weyl's integral formula tells us that
where F (s) is given by (20).
Thus,
where the last equation is obtained by using
(2.70)) where f α = 1, −1, 0 depending on whether the representation α admits a symmetric invariant bilinear form, an antisymmetric bilinear form, or no invariant bilinear form at all. Here dim(α) is the dimension of the representation α, and its character is denoted by χ α . We get
where H(φ) = (kh(φ)) |G|/2 and k = π/φ. We compare our result to Witten's formula [W] (4.93): Our formula differs from Witten's only by the multiplicative factor H(φ). This factor results from our choice of a metric on the nonorientable part of the surface (the projective plane). Note Witten did not choose a metric on P . On the other hand our formula for V ol(M) is a function of the angle φ for a fixed 2-manifold.
Remark 4. Witten remarks in [W] (p. 163) that for a nonorientable 2-manifold the volume defined using Reidemeister-Ray-Singer torsion is independent of the choice of metric on the 2-manifold, while the Riemannian volume depends on the metric. For an orientable 2-manifold, the moduli space of flat connections is a Kähler manifold, so the Riemannian volume of the moduli space equals the symplectic volume, and is thus independent of the choice of metric. According to [W] (2.38) the two differ by a ratio of determinants of elliptic operators (generalized Laplacians on Lie algebra-valued differential forms). Our results are consistent with this observation, and our computations provide an evaluation of this ratio of determinants.
2.4. Σ is a connected sum of a Riemann surface with two projective planes. From [W] we know the volume formula for the moduli space of flat connections on a compact orientable surface of genus ℓ with two boundary components [W] (4.114) (where s 1 , s 2 ∈ T /W are two conjugacy classes and the holonomies around the two boundary components are fixed at s 1 and s 2 ): (24)
where the constant C 2 is (25)
Thus the volume of the moduli space of flat connections on the connected sum of a Riemann surface with two projective planes (equivalently, the connected sum with one Klein bottle) is
√ detΓ 1 and √ detΓ 2 denote the volume elements on the two copies of P − D respectively. 5 We have using (21) and Weyl's integral formula (23)
Factors of 2π are included in the integration measure for consistency with [W] (4.28), since Witten includes a factor 1/(2π) dim(M) in the integration measure because his symplectic form on moduli spaces of flat connections on orientable surfaces is where R was defined by (22). We use
(see [W] (2.70)) and thus the volume becomes
|G|/2 , the angles φ 1 and φ 2 are the top angles of the two triangles respectively, k i = π/φ i , and f α is defined as in Section 2.3. Note that f 2 α = 1 if α =ᾱ (whereᾱ is the conjugate representation of α) and f 2 α = 0 otherwise. We get the final formula
We compare this with Witten's formula [W] (4.77): our formula differs from Witten's formula only by the multiplicative factor H(φ 1 ) H(φ 2 ), which results from our choice of a metric on the two projective planes.
Notice that there are two factors H(φ i ) (in contrast to the case when the manifold is a connected sum of a Riemann surface with one copy of P , when there is only one such factor). Thus V ol(M) is a function of the angles φ 1 , φ 2 for a fixed surface Σ l .
We may summarize our conclusions as follows. When we take the connected sum of a Riemann surface with a real projective plane formed by identifying two sides of length L of a geodesic hyperbolic triangle with polar angle φ, the volume we have obtained is a function of the angle φ since the length L of the side of the triangle is determined once the length of the third edge of the triangle is given. A pair (L, φ) gives a conformal structure on the triangle. Once we fix a conformal structure, we obtain a volume for the moduli space determined by this structure. The situation is similar for the connected sum of a Riemann surface with two projective planes.
-------
Witten's volume formula and Haar measure
In this section, we will consider Witten's volume formulas for the moduli space of flat connections on a 2-manifold, and give a new proof of these formulas using Haar measure. Since the moduli space can be identified with the space of representations of a surface group (in other words Hom(π 1 (Σ), G)/G) and a compact Lie group has a natural Riemannian measure, the Haar measure, we can try to understand Witten's formula for the moduli space by pushing forward the Haar measure on G.
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We will use the following two facts to show our argument.
• Weyl's integral formula (cf. [BD] (4.1.11))
If f is conjugation invariant, the formula becomes
Here i : T → T /W is the local isomorphism with i * dt =: ds. Thus we have
Recall that F (s) = F (i −1 (s)) is the volume of the conjugacy class containing s (see (20)).
• Pushforward of volume under a surjective map: Suppose p : M → N is a surjective map, f : N → R is a map, and V M and V N are volume forms for M and N respectively. Then a function h characterizing the pushforward is defined by
3.1. Σ is a one punctured Riemann surface of genus ℓ + 1. The following picture shows the relations between the pushforwards.
where h is the holonomy around the boundary. We want to show that Witten's formula [W] (4.114) is the pushforward of Haar measure on G i.e. prove Witten's formula (4.114) by induction on ℓ (assuming that [W] (4.114) is true for genus ℓ, we prove it for genus ℓ + 1). The induction hypothesis is valid for ℓ = 0 because by [W] (2.43) we have
and the moduli space M(Σ 0 , s) is one point if s = 1 and empty otherwise, so its volume is δ(s − 1).
Witten's volume formula [W] (4.114) for a moduli space of flat connections on a compact orientable surface with one boundary component was given in (17); recall that Σ ℓ is a Riemann surface of genus ℓ with one boundary component. Consider a torus Σ 1 with one boundary component. If Σ 1 − D is glued to Σ ℓ along the boundary of D, we obtain Σ ℓ+1 .
Let h ∈ G be the holonomy around the boundary of Σ 1 (which becomes the boundary of Σ ℓ+1 after gluing to Σ ℓ ). We have
Thus we have
where we have used
Now we use ( [W] (2.48))
This is identical to Witten's formula [W] (4.114) for the volume for genus ℓ + 1 with h ∈ G.
Our calculation shows us that Witten's formula (4.114) can be understood in terms of the pushforward of Haar measure on G.
3.2. Σ is the connected sum of a Riemann surface of genus ℓ with P . Witten's volume formula [W] (4.114) for the moduli space of flat connections on a compact orientable surface with one boundary component (where s ∈ T /W is a conjugacy class, and the conjugacy class of the holonomy around the boundary is constrained to be s) was given in (17). The following picture shows the relations between the pushforwards.
(see [W] (2.70)) and f α is defined in Section 2.3. We get our final formula
This is identical to Witten's formula [W] (4.93).
3.3. Σ is the connected sum of a Riemann surface of genus ℓ with a Klein bottle. Witten's volume formula [W] (4.114) for a moduli space of flat connections on a compact orientable surface Σ ℓ of genus ℓ with one boundary component (where s ∈ T /W is a conjugacy class, and the holonomy around the boundary is constrained to be s) is stated in (17).
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The following picture shows the relations between the pushforwards.
We have that the volume of the moduli space of flat connections on a once punctured Klein bottle with holonomy around the puncture given by s is
8 Note that we have a calculation similar to the one presented in this subsection if we take the connected sum with two projective planes rather than one Klein bottle and use [W] (4.114) with two boundary components instead of one. This calculation is like the calculation in Section 2.4.
where we have used ( [W] (2.50))
where we have used ( [W] This is identical to the appropriate special case of Witten's formula [W](4.77) .
This gives us a better idea of the geometric meaning of Witten's volume [W] . It is the integral of the measure derived from the symplectic volume on the moduli space of flat connections on an orientable surface and the pushforward volume of the Haar measure on products of G. Since the symplectic volume of the orientable part can also be explained as the Haar measure of the Lie group model (as we did in section 3.1), this explains why the Haar measure on products of Lie groups gives Witten's formula for the volume on the moduli space of flat connections on a nonorientable 2-manifold.
Appendix A. Evaluation of an integral
In this appendix we compute the integral (13). We assume k is a positive integer, so 
We can use the trigonometric substitution x = cos θ for the integral (33). This yields where θ m = arcsin(1/m sin(φ/2)).
